Let (X, d, ≼) be a partially ordered metric space and f , F be single and set valued mappings on X. We obtained sufficient conditions for existence of fixed point of mappings f and F on X with a metric transform.
Introduction
Edelstein [10] generalized the Banach's contraction principle by considering local contractions of ε-chainable complete metric spaces. By using the concept of Hausdorff metric, Nadler [14] proved the Banach's and Edelstein's results for set-valued mappings. Ran and Reurings [21] introduced the concept of a partially ordered metric space and obtained a modified version of the Banach's contraction principle. They used this result for finding the solution of linear and nonlinear matrix equations. A number of researchers subsequently generalized and refined these results in [21] , see e.g., [2, 3, 4, 6, 12, 15, 16, 17, 18, 19, 20, 22] . Recently Kirk and Shahzad [13] established that a local radial contraction with respect to a transform of an initial metric is also a local contraction for the original metric provided the metric transform is superlinear near zero. It is common to alter an original metric in order to shed new light on some fundamental geometric or topological properties of a space or a mapping. In this work we are interested in considering mappings of a metric space satisfying contractibility properties involving both the initial metric and a transform of the initial metric. We extend the main results in [13] following the ideas of Ran and Reurings [21] , i.e., by combining the Banach contraction principle, the Tarski's fixed point theorem (see e.g., [8, 23] ), and metric transforms of a partially ordered metric space (X, , d). We obtained results for both single-valued and set-valued mappings.
Preliminaries
Recall that a mapping f of a metric space (X, d) onto itself is a local contraction (with constant 0 < k < 1) at a given point x ∈ X, if there exists ε x > 0 such that y, z ∈ B(x, ε x ) =⇒ d( f (y), f (z)) < kd(y, z). The mapping f is said to be a local radial contraction at x if the weaker condition d(x, y) < ε x =⇒ d( f (x), f (y)) < kd(x, y) holds. The mapping f is a local (local radial, respectively) contraction on X if it is so at every point of X.A metric space (X, d) is said to be ε-chainable for some ε > 0, if ∀x, y ∈ X, ∃{u i } m i=0 a finite sequence in X such that: [5] was the first to extensively study so-called metric transforms, i.e., strictly increasing concave functional ϕ : [0, ∞) −→ R with ϕ (0) = 0. For such metric transforms, given a metric d on a space X, the composition ρ = ϕ • d is also a metric on X . If CB(X) denotes the class of all nonempty closed and bounded subsets of a metric space (X, d), then the Hausdorff metric induced by d is defined by:
Next we give the main results of Edlestein, Nadler, Ran and Reurings, and Kirk and Shahzad for subsequent use. 
Then f has a unique fixed point x * ∈ X with lim n→∞ f n (x) = x * , ∀ x ∈ X. 
Let ρ = ϕ • d and f : X −→ X be a mapping satisfying:
Then f is a local radial contraction with constant c for the initial metric d.
The authors [13] provided a number of examples of metric transforms satisfying (i) above e.g.,
) be a partially ordered metric space, 0 < k < 1, and let ϕ be a metric transform satisfying:
Then f is a local radial contraction on comparable elements of X for the initial metric d.
Proof. Let x, y ∈ X with x y and d(x, y) < ε x . We may assume with out loss of generality that 0 In what follows, the triplet (X, , d) is an ordered metric space and ϕ is a metric transform. 
As ϕ is strictly increasing,
Again for the same reasons,
Repeating the same steps, a sequence {x n } ∞ 0 ⊂ X is constructed so that:
By completeness, the sequence {x n } converges to some x * ∈ X with x n x * , ∀ n, by assumption (c). We conclude the proof by showing that x * = f (x * ). Let ε > 0 be arbitrary, and let n ε ∈ N be such that for all n ≥ n ε , d(x n , x * ) < ε/2. For all n > n ε and since x n x * , it follows from condition (ii) and (iii) of Lemma 5, that for some 0 < δ n ≤ ε n < ε/2
As before, since ϕ is strictly increasing,
As ε is arbitrary, f (x * ) = x * = lim n→∞ f n (x 0 ).
Remark 3.1.
(1) Uniqueness of the fixed point x * is guaranteed with the additional hypothesis that "every pair of elements in X has a lower or an upper bound".
(2) Naturally, the theorem holds with "non-decreasing" replaced by "non-increasing" and replaced by .
Next we obtain a nice refinement of the Banach contraction principle in a partially ordered complete metric space.
Theorem 3.2. Let (X, , d) be a partially ordered complete metric space and let ρ be a metric on X which is sequentially equivalent to d. Let f : X −→ X be a mapping satisfying the following conditions:
(a) ∃ x 0 ∈ X with x 0 f (x 0 );
(e) for any sequence {x n } in X whose consecutive terms are comparable, if lim n→∞ x n = x * ∈ X, then x n x * , ∀n = 1, 2, . . .
Then f has a fixed point x
Proof. As in the proof of Theorem 6, one can construct a sequence {x 0 , x 1 , . . .} ⊂ X with x n+1 = f (x n ), x n x n+1 and, for n = 0, 1, 2, . . . :
The sequence {x n } is Cauchy in X : given m > n,
By completeness, lim n→∞ x n = x * ∈ X. Also, x n x for all n, and by (c),
As ρ is sequentially equivalent to d,
That is x * = f (x * ) = lim n→∞ f n (x 0 ).
As mentioned in section 1, set-valued versions of the Banach's and Edelstein's results due to Nadler [14] are based on the concept of the Hausdorff metric defined on closed bounded sets. Nadler's set-valued extension of Edelstein's theorem asserts that every uniformly locally contractive set-valued map with compact values of an ε-chainable complete metric space (X, d) into itself has a fixed point; more precisely, every set-valued map F : X −→ K(X), where K(X) is the class of nonempty compact subsets of X, satisfying the following uniform local contractivity condition:
has a fixed point. In order to state the set-valued counterpart of Theorem 8, we shall make use of the following property due to Nadler [14] (see also Assad and Kirk [1] and Kirk and Shahzad [13] ).
Lemma 3.2. [14] Let {A n } be a sequence in CB(X) with lim n→∞ H(A n , A) = 0 for some A ∈ CB(X). If x n ∈ A n and
We shall also need following set-valued version of Lemma 5. Let ϕ be a metric transform satisfying:
Let F : X −→ CB(X) be a set-valued map satisfying:
Then F is a uniform local contraction.
Proof. In view of (ii), let ε > 0 be sufficiently small, and let x, y ∈ X be such that d(x, y) < ε and x y given by (i). , y) ). As ϕ is strictly increasing, it follows that H(F(x), F(y)) ≤ cd(x, y), i.e., F is a uniform local set-valued contraction with constant c. (c) for any sequence {x n } ⊂ X whose consecutive terms are comparable, if lim n→∞ x n = x * ∈ X, then x n x * , ∀ n.
Then there F has a fixed point x * ∈ F(x * ) in X.
Proof. Let us construct a Cauchy sequence {x n } in X as follows:
Given an arbitrary x 0 ∈ X, select x 1 ∈ F(x 0 ) with x 0 x 1 and x 2 ∈ F(x 1 ) such that
Now as
We can assume, since X is ε-chainable for some ε > 0 and since F is a uniform local contraction by Lemma 10, that d(x 0 , x 1 ) < ε. By using assumption (d) we have the existence of c ∈ (0, 1) such that
and as ϕ is strictly increasing so
Similarly, we have the existence of x 3 ∈ Fx 2 with x 2 x 3 such that
and since x 1 x 2 so by (c) we
2 ) < ε, by using assumption (d) we have the existence of c ∈ (0, 1) such that
and as ϕ is strictly increasing:
Thus, we have
So, for each m ∈ N we have established the existence of x m+1 ∈ Fx m with x m x m+1 such that
Hence {x n } is a Cauchy sequence and there exists a point x * in the complete metric space X such that lim n→∞ x n = x * . As x n x n+1 , it follows from assumption (c) that x n x * , for all n. By (c),
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We end with the set-valued analogue of Theorem 8. Hence {x n } is a Cauchy sequence and there exists a point x * in the complete metric space X such that lim n→∞ x n = x * . As x n x n+1 , by assumption (c) x n x * for all n. By assumption (a) D(F(x n ), F(x * )) ≤ kd(x n , x * ). Therefore lim n→∞ D(F(x n ), F(x * )) = 0. Since D and H are sequentially equivalent, so lim n→∞ H(F(x n ), F(x * )) = 0, and as x n+1 ∈ F(x n ) so, again by Lemma 9, x * ∈ F(x * ).
Definition 3.2. A metric D is said to be sequentially equivalent to the Hausdorff metric H if lim
n→∞ D(A n , A) = 0 ⇔ lim n→∞ H(A n , A) = 0 for A n , A ∈ CB(X).
